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Bell-inequality checks constitute a probe of entanglement — given a source of entangled particles,
their violation are a signature of the non-local nature of quantum mechanics. Here, we study a
solid state device producing pairs of entangled electrons, a superconductor emitting Cooper pairs
properly split into the two arms of a normal-metallic fork with the help of appropriate filters. We
formulate Bell-type inequalities in terms of current-current cross-correlators, the natural quantities
measured in mesoscopic physics; their violation provides evidence that this device indeed is a source
of entangled electrons.
PACS numbers: 03.65.Ta, 03.67.Lx, 85.35.Be, 73.23.Ad
Entanglement is a defining feature of quantum me-
chanical systems1,2,3,4 with important new applications
in the emerging fields of quantum information theory,5
quantum computation,6 quantum cryptography,7 and
quantum teleportation.8 Many examples of entangled
systems can be found in nature, but only in few cases
can entanglement be probed and used in applications.
So far, much attention has been focused on the prepara-
tion and investigation of entangled photons9,10 and, more
recently, of entangled atoms,11,12 while other studies use
elementary particles (kaons)13 and electrons.14 Bell in-
equality (BI)15 checks have become the accepted method
to test entanglement:16,17 their violation in experiments
with particle pairs indicates that there are nonlocal cor-
relations between these particles as predicted by quan-
tum mechanics which no local hidden variable theory can
explain.15
Quasi-particles in solid state devices are promising
candidates as carriers of quantum information. Re-
cent investigations provide strong evidence that electron
spins in a semiconductor show unusually long dephasing
times approaching microseconds; furthermore, they can
be transported phase coherently over distances exceeding
100 µm.18 Several proposals how to create an Einstein-
Podolsky-Rosen2 (EPR) pair of electrons in solid-state
systems have been made recently; one of these is to
use a superconductor as a source of entangled beams of
electrons.19,20 At first glance, the possibility of perform-
ing BI checks in solid state systems may seem to be a
naive generalization21,22 of the corresponding tests with
photons.9,10 But in the case of photons, the BIs have
been tested using photodetectors measuring coincidence
rates (the probability that two photons enter the detec-
tors nearly simultaneously9,10). Counting quasi-particles
one-by-one (as photodetectors do in quantum optics10) is
difficult to achieve in solid-state systems where currents
and current-current correlators, in particular noise, are
the natural observables in a stationary regime.23 Here,
the BIs are re-formulated in terms of current-current
cross-correlators (noise) and a practical implementation
of BIs as a test of quasi-particle entanglement produced
via a hybrid superconductor–normal-metal source19,20 is
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FIG. 1: Schematic setup (a) and solid state implementation
(b) for the measurement of Bell inequalities: a source emits
particles into leads 1 and 2. The detector measures the cor-
relation between beams labelled with odd and even numbers.
The filters Fd1(2) select the spin: particles with polarization
along the direction a are transmitted through filter Fd1 into
lead 5, while the other electrons are channelled into lead 3
(and similar for Fd2). The solid state implementation (b) in-
volves a superconducting source emitting Cooper pairs into
the leads. The filters Fe1,2 (realized, e.g., via Fabry-Perot dou-
ble barrier structures or quantum dots) prevent the Cooper
pairs from decaying into a single lead. Ferromagnets play the
role of the filters Fd1(2) in the detector (here used in a Stern-
Gerlach type geometry); they are transparent for electrons
with spin aligned along their magnetization.
discussed.16,24
Consider a source [Fig. 1(a)] injecting quasi-particles
into two arms labelled by indices 1 and 2. The detec-
tor includes two filters Fd1(2) selecting electrons by spin;
the filter Fd1 transmits electrons spin-polarized along the
direction a into lead 5 and deflects electrons with the
opposite polarization into lead 3 (and similar for fil-
ter Fd2 with direction b). The detector thus measures
cross-correlations of (spin-)currents between the leads;
a violation of BIs provides evidence for nonlocal spin-
correlations between the quasi-particle beams 1 and 2.
2We formulate the BIs in terms of current-current cor-
relators: assuming separability and locality15,16 (no en-
tanglement, only local correlations are allowed) the den-
sity matrix of the source/detector system describing joint
events in the leads α, β is given by
ρ =
∫
dλf(λ)ρα(λ)⊗ ρβ(λ), (1)
where the lead index α is even and β is odd (or vice-
versa); the distribution function f(λ) (positive and nor-
malized to unity) describes the ‘hidden variable’ λ. The
Hermitian operators ρα(λ) satisfy the standard axioms
of density matrices. For identical particles the assump-
tion (1) implies that Bose and Fermi correlations between
leads with odd and even indices are neglected.
Consider the Heisenberg operator of the current
Iα(t) in lead α = 1, . . . , 6 (see Fig. 1) and
the associated particle number operator Nα(t, τ) =∫ t+τ
t
dt′ Iα(t
′) describing the charge going through
a cross-section of lead α during the time interval
[t, t + τ ]. We define the particle-number correlators
〈Nα(t, τ)Nβ(t, τ)〉ρ =
∫
dλf(λ)〈Nα(t, τ)〉λ〈Nβ(t, τ)〉λ
(with indices α/β odd/even or even/odd), where
〈Nα(t, τ)〉λ ≡ Tr[ρα(λ)Nα(t, τ)] and 〈. . . 〉ρ ≡ Tr[ρ . . . ].
The average 〈Nα(t, τ)〉λ depends on the state of the sys-
tem in the interval [t, t + τ ]; in general 〈Nα(t1, τ)〉λ 6=
〈Nα(t2, τ)〉λ, where t1 6= t2. For later convenience we
introduce the average over large time periods in addition
to averaging over λ, e.g.,
〈Nα(τ)Nβ(τ)〉 ≡ 1
2T
∫ T
−T
dt〈Nα(t, τ)Nβ(t, τ)〉ρ, (2)
where T/τ →∞ (a similar definition applies to 〈Nα(τ)〉).
Finally, we define the particle number fluctuations
δNα(t, τ) ≡ Nα(t, τ) − 〈Nα(τ)〉.
The derivation of the Bell inequality is based on the
following lemma: let x, x′, y, y′, X, Y be real numbers
such that |x/X |, |x′/X |, |y/Y |, and |y′/Y | do not ex-
ceed unity, then the following inequality holds:25
−2XY ≤ xy − xy′ + x′y + x′y′ ≤ 2XY. (3)
Lemma (3) is applied to our system with
x = 〈N5(t, τ)〉λ − 〈N3(t, τ)〉λ, (4a)
x′ = 〈N5′(t, τ)〉λ − 〈N3′(t, τ)〉λ, (4b)
y = 〈N6(t, τ)〉λ − 〈N4(t, τ)〉λ, (4c)
y′ = 〈N6′(t, τ)〉λ − 〈N4′(t, τ)〉λ, (4d)
where the ‘prime’ indicates a different direction of spin-
selection in the detector’s filter (e.g., let a denote the
direction of the electron spins in lead 5 (−a in lead 3),
then the subscript 5′ in Eq. (4b) refers to electron spins
in lead 5 polarized along a′ (along −a′ in the lead 3).
The quantities X,Y are defined as
X = 〈N5(t, τ)〉λ + 〈N3(t, τ)〉λ =
〈N5′(t, τ)〉λ + 〈N3′(t, τ)〉λ = 〈N1(t, τ)〉λ, (5a)
Y = 〈N6(t, τ)〉λ + 〈N4(t, τ)〉λ =
〈N6′(t, τ)〉λ + 〈N4′(t, τ)〉λ = 〈N2(t, τ)〉λ; (5b)
the equalities (5a) and (5b) follow from particle number
conservation. All terms in (5a) and (5b) have the same
sign, hence |x/X | ≤ 1 and |y/Y | ≤ 1.
The Bell-inequality follows from (3) after averaging
over both time t [see Eq. 2] and λ,
|G(a,b)−G(a,b′) +G(a′,b) +G(a′,b′)| ≤ 2, (6)
where
G(a,b) =
〈(N5(τ)−N3(τ))(N6(τ) −N4(τ))〉
〈(N5(τ) +N3(τ))(N6(τ) +N4(τ))〉 ,
and with a,b the polarizations of the filters Fd1(2).
At this point, the number averages and correlators in
(6) need to be related to measurable quantities, current
averages and current noise; this step requires to per-
form the time averaging introduced in (2) and imple-
mented in (6). The correlator 〈Nα(τ)Nβ(τ)〉 includes
both reducible and irreducible parts. As demonstrated
below, the Bell inequality (6) can be violated if the ir-
reducible part of the correlator is of the order of (or
larger) than the reducible part. The irreducible correla-
tor 〈δNα(τ)δNβ(τ)〉 can be expressed through the noise
power Sαβ(ω) =
∫
dτeiωτ 〈δIα(τ)δIβ(0)〉,
〈δNα(τ)δNβ(τ)〉 =
∫ ∞
−∞
dω
2π
Sαβ(ω)
4 sin2 (ωτ/2)
ω2
. (7)
In the limit of large times, sin2(ωτ/2)/(ω/2)2 →
2πτδ(ω), and therefore
〈Nα(τ)Nβ(τ)〉 ≈ 〈Iα〉〈Iβ〉τ2 + τSαβ , (8)
where 〈Iα〉 is the average current in the lead α and Sαβ
denotes the shot noise. In reality, the noise power di-
verges as 1/ω when ω → 0, but this singular behavior
starts from very small ω (ω ≪ ωfl ∼ 10−3s−1).26 At
frequencies ωfl ≪ ω ≪ ω0 the noise power is nearly
constant (see, e.g., Ref. 23). The upper boundary ω0
of the frequency domain depends on the voltage V of
the terminals 3 − 6 (the particle source is grounded),
on the characteristic time of electron flight τtr between
these terminals, and the widths Γ1(2) of the filters F
e
1,2
which each have a resonant energy ±E0 [see Fig. 1(b)],
ω0 = min(|V |; Γ1(2); τ−1tr ). Thus (7) implies (8) if ω−10 ≪
τ ≪ ω−1fl [we assume a temperature T < ω0]. Using (6)
and (8) we find
|F (a,b)− F (a,b′) + F (a′,b) + F (a′,b′)| ≤ 2, (9a)
F (a,b) =
S56 − S54 − S36 + S34 + Λ−
S56 + S54 + S36 + S34 + Λ+
, (9b)
3where Λ± = τ(〈I5〉±〈I3〉)(〈I6〉±〈I4〉). The Bell inequal-
ity (9a) is the expression to be tested in the experiment;
as implied by (9b) its violation requires the dominance
of the irreducible particle-particle correlator encoded in
the shot noise |Sαβ | & |Λ±|.
Below we discuss the violation of the above Bell in-
equality in mesoscopic systems. As a general rule, the
violation of (9a) implies that the assumption (1) does
not hold and the correlations are non-classical. In this
situation, particles injected by the source S into leads 1
and 2 (see Fig. 1) are entangled (if the system is in a
pure state, the entanglement implies that its wave func-
tion cannot be reduced to a product of wave functions
corresponding to particles in leads 1 and 2).
Consider now the solid-state analog of the Bell-device
as sketched in Fig. 1(b) where the particle source is
a superconductor (S). Two normal-metal leads 1 and
2 are attached in a fork geometry to the particle
source19,20 and the energy- or charge-selective filters
Fe1,2 enforce the splitting of the injected pairs. Fer-
romagnetic filters play the role of spin-selective beam-
splitters Fd1,2 in the detector (suitable filters F
d
1(2) can
be constructed with the help of ferromagnets,19 quan-
tum dots,27 and hybrid superconductor–normal-metal–
ferromagnet structures28): e.g., quasi-particles injected
into lead 1 (I1) and spin-polarized along the magneti-
zation a enter the ferromagnet 5 and contribute to the
current I5, while quasi-particles with the opposite polar-
ization contribute to the current I3, see Fig. 1(b). The
appropriate choice of voltages between the leads and the
source fixes the directions of the currents in agreement
with Fig. 1(a). The test of the Bell inequality (9a) re-
quires information about the dependence of the noise on
the mutual orientations of the magnetizations ±a and
±b of the ferromagnetic spin-filters (see Fig. 1(b)).
The noise power is calculated using scattering
theory.23,29 Normal leads are labelled with Greek letters
α, β, . . . , electron (hole) charges are denoted by qa, where
a = e(h), e.g., qe = −1, qh = 1. If Cα is the number of
channels in the lead α, then the amplitude for scattering
of a quasi-particle a from the lead α into a quasi-particle
b in the lead β is given by the scattering matrix sαβab (of
dimension Cβ ×Cα). The expression for the noise power
takes the form30
Sαβ =
e2
h
∫ ∞
0
dE
∑
γ,δ;a,b,c,d
fγ,a(1− fδ,b)
Tr[(s†)γαac qcs
αδ
cb (s
†)δβbd qds
βγ
da ], (10)
where the energy is measured with respect to the electro-
chemical potential of the particle source; Vα is the voltage
in lead α, fα,a = 1/(exp{(E − qaVα)/T } + 1), and the
trace is taken over all channel degrees of freedom. We as-
sume weak coupling between the superconductor and the
leads 1 and 2 with electrons entering the superconductor
through a tunnel barriers with normal (dimensionless)
conductances g1(2) ≪ 1, hence Λ± ∼ τ(ω1g1g2)2,31 where
ω1 = min(|V |; Γ1(2)), |V | < ∆. It follows from (10) that
Sαβ ∼ ω1g1g2. Thus the condition ω1τg1g2 ≪ 1 (i.e.,
no more than one quasi-particle pair can be detected
during the measurement time τ) allows to drop Λ± in
(9b). Eq. (9a) becomes the nonlocality criterium if there
is no electron exchange between the leads 1 and 2 dur-
ing the measurement time τ , requiring τ−1tr τg1g2 ≪ 1.32
The two conditions can be written as ω0τg1g2 ≪ 1; the
corresponding BI violation is discussed below.
The matrix under the trace in (10) depends on a · ~σ,
b · ~σ; making use of the relation
Tr g[(~σ · a), (~σ · b)] ≡
1
2
∑
ǫ1(2)=±1
(
1 + ǫ1ǫ2
a · b
|a||b|
)
g[ǫ1|a|, ǫ2|b|], (11)
where g[x, y] denotes an analytical function ((11) then
is proven via series expansion) we can rewrite the noise
power (10) in the form33
Sαβ = S
(a)
αβ sin
2
(
θαβ
2
)
+ S
(p)
αβ cos
2
(
θαβ
2
)
, (12)
where α = 3, 5, β = 4, 6 or vice versa. Here, θαβ denotes
the angle between the magnetization of leads α and β,
e.g., cos(θ56) = a · b, and cos(θ54) = a · (−b); below,
we need configurations with different settings a and b
and we define the angle θab ≡ θ56. The noise power for
antiparallel (or parallel) orientations of the ferromagnets
α, β is denoted by S
(a(p))
αβ [for example S
(p)
56 implies a ⇈
b]. With these definitions, F (see Eq. (9b)) takes the
from
F (a,b) = − cos(θab)
S
(a)
αβ − S(p)αβ
S
(a)
αβ + S
(p)
αβ
. (13)
The left hand side of Eq. (9a) has a maximum when
θab = θa′b = θa′b′ = π/4, and θab′ = 3θab (shown as
in the photonic case10 with the substitution θ → θ/2).
With this choice of angles the Bell inequality (9a) with
(13) reduces to
∣∣∣∣∣
S
(a)
αβ − S(p)αβ
S
(a)
αβ + S
(p)
αβ
∣∣∣∣∣ ≤
1√
2
. (14)
Consider then a biased superconductor (S) with
grounded normal leads. The energy filters Fe1,2 (see
Fig. 1(b); we assume the filters to be perfectly effi-
cient, i.e., Γ1,2 ≪ E0, to begin with) select processes
where Cooper pairs decay from S into different normal
leads19,20, hence quasi-particle transmission between the
leads is inhibited, sαβee = s
αβ
hh = 0 for α even and β
odd. The trace in (10) contains the Andreev processes
Tαβhe (1 − Tαβhe ) + {e ↔ h}, where Tαβab ≡ sαβab (s†)βαba (see
also Ref. 19). Electrons and Andreev reflected holes thus
have opposite spin-polarization, hence S(p) = 0, and the
Bell inequality (14) is (maximally) violated, signalling
that these beams are entangled.
4Finally, we probe the robustness of our Bell test by
allowing the filters F e1,2 to have finite line widths Γ1,2.
If, for instance Γ1,2 ∼ 2E0, the noise correlations will ac-
quire a (small) S(p) contribution. According to (14) the
BI can be violated even in this case, though not max-
imally; alternatively, Eq. (14) can be used to estimate
the quality of the filters Fe1,2. Here, we have discussed the
violation of BIs in an idealized situation ignoring param-
agnetic impurities, spin-orbit interaction etc. Imperfect
filters should be considered in a similar way as in the
quantum-optics literature.10 Note that there are other
inequalities which test entanglement for two-particle34
and for many-particle systems.16 The test of such in-
equalities can be implemented in a similar manner as
discussed above. Moreover, while electron-electron inter-
actions were neglected here, it has been suggested35 that
they do not destroy entanglement.
In conclusion, we propose a general form of BI-tests
in solid-state systems formulated in terms of current-
current cross-correlators (noise), the natural observables
in the stationary transport regime of a solid state de-
vice. For a superconducting source injecting correlated
pairs into a normal-metal fork completed with appropri-
ate filters,19,20 the analysis of such BIs shows that this
device constitutes a source of entangled electrons when
the fork is weakly coupled to the superconductor. Bell
inequality-checks can thus be applied to test electronic
devices with applications in quantum communication and
quantum computation where entangled states are basic
to their functionality.
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